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Phototermal Spectra of Inhomogeneous Coatings
M. Popovic, S. Galovic∗, and Z. Stojanovic
“Vinca” Institute of Nuclear Sciences, Belgrade, Serbia
In this paper we demonstrate a theoretical study for photothermal measurements on inhomogeneous coatings.
First, a general photothermal mathematical model for thermal gradient materials is presented. Then, we discuss
the effects of inhomogeneous thermal properties in photothermal amplitude and phase spectra of coatings.
Finally, a method for quantitative depth profiling that makes use of prior knowledge about the type of profile ex-
isting in a sample to reduce the instabilities associated with the mathematically ill conditioned task is demonstrated.
PACS numbers: 42.62.Eh, 44.05.+e, 44.10.+i, 68.60.Dv
1. Introduction
Photothermal (PT) measurement techniques are being
intensively developed and applied with increased success
in the measurement of thermal, optical and other related
physical properties, as well as for the investigation of
subsurface structure and macroscopic defects of various
samples.
Photothermal methods are based on direct or indirect
measurements of temperature variations, which occur be-
cause of generation and transfer of the heat produced by
excitation of a testing structure by an external source of
energy. Hence, a correct description of thermal transport
processes is necessary for the analysis of the measured
signals and for their application in the determination of
the physical sample properties. All the existing mod-
els of photothermal signals are based on the solutions of
the classical heat conduction equation that neglects the
thermal memory effects. However, a large group of ver-
satile materials with significant thermal memory (such as
complex biological materials, polymers, metals excited by
very short laser pulses, dielectrics and semiconductors in
up-to-date electronic devices, etc.) are extensively used
in science and technology. The heat transfer within these
media and, implicitly, photothermal effects, cannot be
described by the classical law of heat conduction [1].
In the last few years, much effort has been made in
the study of photothermal effects in thermally inhomoge-
neous solids [2–5]. The main problem arises from the im-
possibility of solving the inhomogeneous heat conduction
equation in a general case. Unfortunately, a strict math-
ematical interpretation of thermal wave propagation in
solids is essential if one wishes to give a good theoreti-
cal description of any photothermal phenomenon. There
are some results for classical thermal heat conduction
equation, especially for discrete inhomogeneous materi-
als [6, 7], but there is no result discussing the influence
of thermal memory.
In order to achieve this goal several attempts have
been made. The common approach was to find approx-
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imate solutions of strictly formulated heat conduction
problems. Various numerical procedures were reported
and, recently, an effective medium theory was also ap-
plied. However, there are still several disadvantages that
limit the practical use of these methods. First, approx-
imation conditions must be carefully examined in each
calculation concerning a material with different thermal
properties or geometry. In addition, results of numerical
simulations do not provide solutions in a form of analyt-
ical expressions from which a comprehensive analysis of
photothermal effects could be performed.
On the other hand, the description of heat conduction
in inhomogeneous solids can be evaluated using exact an-
alytical solutions of the heat conduction equation, but
for the approximately formulated starting photothermal
problem. This is, in fact, an inverted approach with re-
spect to the methods we have already mentioned where
approximations were made during calculation.
In this paper we present a general photothermal math-
ematical model for thermal gradient materials [8]. The
case of constant thermal diffusivity and linear variable
heat capacity on inhomogeneous coatings is discussed,
which is good approximation of thermal inhomogeneous
thin layers [9]. Finally, a method for quantitative depth
profiling that makes use of prior knowledge about the
type of profile existing in a sample to reduce the instabil-
ities associated with the mathematically ill conditioned
task is demonstrated [10].
2. Theory
Thermal waves are excited in a two-layer system, con-
sisting of a thin coating on a substrate, by the absorption
of an intensity-modulated laser beam, S(t) = S0f(t).
Assuming opaque coating surface at the wavelength of
the laser beam, the absorbed part of the incident laser
beam intensity is transformed into the heat just at the
surface, so the heat source is given by the expression
S(t) = S0f(t)δ(x).
The common configuration for most photothermal ex-
periments is schematically represented in Fig. 1. The in-
vestigated sample (coating), which has an arbitrary heat
capacity c(x) and constant thermal diffusivity DTi, is
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surrounded by two media, usually gas (g) and backing
(b) (substrate). Assuming a large heating spot diame-
ter, the one-dimensional temperature distribution in the
coating is possible.
Fig. 1. Schematic representation of the most common
configuration in photothermal experiments.
The heat conduction process is then fully described by
a system of partial differential equations (PDEs), for each
medium, together with boundary conditions describing
continuity of heat flux q(x, t) and temperature ϑ(x, t) at
the interfaces between media. For the thermally homo-
geneous bounding media with no heat sources or sinks
conduction of heat is described by hyperbolic PDEs with
constant coefficients
∂2ϑ(x, t)
∂x2
− 1
DTi
[
∂ϑ(x, t)
∂t
+ τi
∂2ϑ(x, t)
∂t2
]
= 0,
i = g, b, (1)
q(x, t) + τi
∂q(x, t)
∂t
= −ki ∂ϑ(x, t)
∂x
, i = g, b. (2)
τi is thermal relaxation time which describes thermal
memory. For the arbitrary inhomogeneous sample we
have inhomogeneous PDEs
∂
∂x
[
Cp(x)
∂ϑ(x, t)
∂x
]
− Cp(x)
DT
[
∂ϑ(x, t)
∂t
+ τ
∂2ϑ(x, t)
∂t2
]
= −
[
S(x, t) + τ
∂S(x, t)
∂t
]
, (3)
q(x, t) + τ
∂q(x, t)
∂t
= −DTCp(x)∂ϑ(x, t)
∂x
. (4)
The application of the Laplace transformation method,
assuming initial conditions of zero temperature, reduces
the starting problem (Eqs. (1)–(4)) to a system of ordi-
nary differential equations (ODEs):
d2θ˜(x)
dx2
− σ2i = 0, i = g, b, (5)
Q˜(x) = − ki
1 + τp
dθ˜(x)
dx
, i = g, b. (6)
y2
d2θ˜(y)
dy2
+ y
dθ˜(y)
dy
− y
2σ˜2
α2
θ˜(y)
= − y
Cp0α2
S˜(1 + τp), (7)
Q(x) = − DT
1 + τp
Cp(x)
dθ˜(x)
dx
. (8)
with homogeneous boundary conditions and conditions of
continuity on interfaces. Tilda sign denotes the complex
values (Laplace transforms). Equation (7) is second order
inhomogeneous Bessel’s differential equation [11], that is
delivered using Cp(x) = Cp0(1 + αx). In previous equa-
tions σ˜ is complex conductivity, σ˜i =
√
p
DTi
(1 + τip) for
i = g, b, σ˜ =
√
p
DT
(1 + τp) for sample, and y = 1 + αx.
General solution of the ODE system (Eqs. (5)–(8)) is
in the following form:
θ˜(x) = A1 eσgx +A2 e−σgx, x < 0, (9)
θ˜(x) = A3J0(ξ) +A4Y0(ξ), 0 ≤ x < d, (10)
θ˜(x) = A5 eσbx +A6 e−σbx, x ≥ d. (11)
Ai are constants of integration which should be deter-
mined from boundary conditions and conditions of con-
tinuity on interfaces, J0 and Y0 are Bessel’s functions of
complex argument ξ, zeros order, first and second type
respectively, and ξ = j σαy.
The resulting equations for the complex temperature
distribution in a thermally inhomogeneous sample are
θ˜(x) =
S0F˜ (1 + τp)
σ˜DTCp0
bpi1 + jpi2
gbpi1 + jgpi2 − jbpi3 − pi4 e
σ˜gx, x < 0 (12)
θ˜(x) =
S0F˜ (1 + τp)
σ˜DTCp0
[bY0(ξd)− jY1(ξd)]J0(ξ)− [bJ0(ξd)− jJ1(ξd)]Y0(ξ)
gbpi1 + jgpi2 − jbpi3 − pi4 , 0 ≤ x < d, (13)
θ˜(x) =
S0F˜ (1 + τp)
σ˜DTCp0
e−σ˜b(x−d)
gbpi1 + jgpi2 − jbpi3 − pi4 , x ≥ d. (14)
Here are
pi1 = J0(ξ0)Y0(ξd)− Y0(ξ0)J0(ξd),
pi2 = J1(ξd)Y0(ξ0)− Y1(ξd)J0(ξ0),
pi3 = J0(ξd)Y1(ξ0)− Y0(ξd)J1(ξ0),
pi4 = J1(ξd)Y1(ξ0)− Y1(ξd)J1(ξ0),
then
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g =
kgσ˜g
(1 + τgp)
(1 + τp)
σ˜DTCp0
and
b =
kbσ˜b
(1 + τbp)
(1 + τp)
σ˜DTCp0(1 + αd)
.
3. Results and discussion
There are two interesting cases which can be extracted
from the point of view of PT analyzing, and these are
thin films and surface layers or coatings. Thin films can
be surrounded by gas and PT signal can be obtained
on the both sides of the sample (g ≈ b ≈ 0). In the
other case thermal parameters are continuously varying
to some depth where they get values of bulk (b ≈ 1).
For PT techniques of coatings, the relevant feature is
temperature variation on a sample surface. It can be
evaluated from Eq. (13) for x = 0:
R˜p(0) =
S0F˜ (1 + τp)
σ˜DTCp0
J0(ξ0)Y0(ξd)− Y0(ξ0)J0(ξd)− j [J0(ξ0)Y1(ξd)− Y0(ξ0)J1(ξd)]
− j [J0(ξd)Y1(ξ0)− Y0(ξd)J1(ξ0)]− [J1(ξd)Y1(ξ0)− Y1(ξd)J1(ξ0)] . (15)
In order to determine the physical properties of the in-
vestigated structure, it is necessary, as the first step, to
develop a mathematical model that describes sufficiently
physical processes leading from the optical excitation to
the thermal response (direct problem), and then to solve
the inverse problem of determining the physical proper-
ties of the system once the optical excitation, thermal
response and model are known. The inverse problem
is usually solved by application of curve-fitting. How-
ever, non-linear fitting being a rather complex procedure,
which quite often gives ambiguous results, it is worthy of
effort to investigate approximate solutions of the prob-
lem that enable determining of the physical properties of
the system without non-linear curve-fitting, by analyz-
ing certain ranges of PT spectra only. Consequently, in
this paper amplitude and phase spectra of coatings in the
range of high frequencies are presented
Rp =
S0F
DTCp0
√
DT
ω
(
1 + ω2τ2
)1/4
, (16)
ϕp = −pi4 +
arctanωτ
2
(17)
where
µ =
√
DT
ω
√
1 + ω2τ2
, q =
d
µ
, λ = 1 + αd,
θ =
3pi
4
+
arctanωτ
2
.
4. Conclusion
We have presented an analytical procedure for the cal-
culation of surface temperature in thermally inhomoge-
neous coatings induced by an external heat source. The
generalized problem of photothermal wave propagation
in optical opaque media with constant thermal diffusiv-
ity DT and linearly varying specific heat capacity Cp(x)
is solved, including thermal memory effect. The case of
inhomogeneous surface layers i.e. coatings is discussed.
The approximate expressions for FT spectra are given in
the range of high frequencies which can make easier FT
signal analysis and inverse calculation procedure in FT
modulation spectroscopy.
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